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MAT187 - Calculus II Prof. Hendrickson 


Topic: 
Integration: The Importance of Manipulation 


Topics 


* Check-in 
* The Formal Statement of FTC (Part Il) 
* Lets Play! (Calculating Distance) 


* The Importance of Manipulation 


TRUE or FALSE 


The Fundamental Theorem of Calculus (Part II) states that the definite integral of an instantaneous 


rate of change F'(x) from x = a to x = b is equal to the net change of F(x) from x = a to x = b. 


or FALSE Pa a.k.a. Net Change Theorem 


Theorem (Fundamental Theorem of Calculus, Part 2). Suppose F(z) is an antiderivative 
of f(z). Then 


b 
Excerpt from f f(x) dz = F(b) — F(a). 


PCE in In other words, for any differentiable function F(z), it is the case that 


MAT186 b 
I F' (x) dz 


The definite integral of an instantaneous rate of change F" (x) from x = ato x = bis 
equal to the net change of F (x) from from z = a tox = b. 


This is why a definite integral represents a total amount or a total net change! 


If we can determine the antiderivative, then we can evaluate the definite integral! 


Theorem > Need an index card? 


Front 


Theorenw 


Fundamental Theorem 
of Calculus CPort 11) 


(a.k.a. Net Change Theorem) 


Back 


Suppose that Fox) is an _antidenvative of 


Roc). They 


b 
{ fou dx = F(b)- Fra) 
a 


In othw words, fer any lifferentiable 
function F(X), rt is the case that — 


b 
f Ecx) dx = FCb)- F(a). 


Suppose that a particle is moving along a straight line such that its velocity at time t seconds is given by 


v(t) = cost m/s. Calculate the total distance traveled by the particle from t = 0 to t = 57/3. 


Suppose that a particle is moving along a straight line such that its velocity at time t seconds is given by 


v(t) = cost m/s. Calculate the total distance traveled by the particle from t = 0 to t = 57/3. 


b 
5 Vee) | dt 
Soape Slaton Recall that distance is givens by J [veal ae 
So, “Total distance = E | cost, | Jii Speed Funcrion:- 


To remove the absolute Value bars, we invoke the @loebraic defn of absolute value. 


We Know nat | انه‎ an ^: i iba fr أله‎ ac. Sube tah ف‎ = ost fr telo, sg] 
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y= cost 
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A "i T 
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4 34 
= Sint l 7 (ew t 8 ) tmt B 


= sa hawo slag E CE) a اريفد و6‎ 
= 4-0 = (-4-4) + قم‎ 264) 
e 4 4*2 e = +4 


e dp. P3 
a apa 


e the total distance tiveled by the particle is 4-3 mv, whic 
is 012 01/2171 mmocte ey 8.12 mw. 


The Power of 


Throughout Calculus |, we have continuously seen the importance of manipulating expressions in different 


contexts (e.g. limits and derivatives). With integration, we will continue to leverage this powerful strategy! 


Our general goal is as follows: 


Manipulate/rewrite an expression so that the resulting expression is equivalent, but 


different-looking so that it is easier to identify familiar derivatives and antiderivatives 


Recall some of our most popular derivatives and antiderivatives (e.g. F(x) = sinx and F’(x) = cosx or 
F(x) = In|x| and F(x) = 3! When we are given integrals with recognizable derivatives as integrands, 


there is nothing to do! hd However, as the integrands become more complicated and less obvious, the 


integration process requires more creativity! 


Important Antiderivatives 


As stated in MAT186, you are responsible for knowing the antiderivatives listed in Section 


4.10 of OpenStax CV1. 


Differentiation Formula Indefinite Integral 


d = 
az (k) =0 kde = | مما‎ =ke +C 


d . . 
ann) = na" at 4 Ctorn#—1 For these simple integrals, we are 


n = 
adn = n+l 


| just going backwards! So, if we 


a; (In |e|) = 2 


1 
—dz = ln |z| + C "ET . 
2 lel know our derivatives, undoing 


them is not very difficult! 


=e" +C‏ بول تم 


d . 
£ (sing) = cosz 5 
az ( ) coszdz = sing + C 


d = 
dr (cosz) = —sinz sinzdr = —cosr+C 


le. 
n 
Geni پا اک‎ | m m 


Important Antiderivatives (Continued) 


Differentiation Formula Indefinite Integral 


idi p auto 
dz (tana) = sec'z | rae = tanz + C 


4 (csca) = —csexcot x 


dr [cscecotzde = —cscz + C 


4 


4; (secz) = secrtanz 


[secetanede = secx + C 


d و عه‎ 
a; (cota) ma id n — —cotz+C 


2L (sin Ig) = 


1 AE 
A3 ———— —sin!z4C 
MSS ا‎ 
rs = 1 1 
4; (tan !z) = كد‎ | aem z+C 
T 
4 (sec 1 dz]) = 1 Í 1 1 
dz ES ————dsz = sec™ |z| +C 
za? —1 


Basic Obstacles > Basic Manipulations & Mental Antidifferentiation! 


٠ Adding/Subtracting Constant Multiples of Derivatives that we KNOW 


o Strategy: Remove constants from the integral 
= a \ siz dx | - S د‎ dæ | 
کک کک‎ 


EE = dx = 
E 


| wtegrate Mat we KNOW} 
SIE. FEDER €CIxIxD + C 


= 


3 عدوم‎ — € mll + 


Basic Obstacles > Basic Manipulations & Mental Antidifferentiation! 


e Linear Compositions (i.e. y = mz +b, m,b c R) 
o Strategy: Multiplying by 1 so that the derivative is visible. 


"m Tank d (CoSCmxte)) = =sin(maeb) ٠ m 
dot 


By CHAIN RULE 
| Sm (mu dx 


= | (=) cm (mare) aax 


=m 
w 1 
=4 (NoT Charging the poblem!) 


p. -. fem sin lmarb) Aoc 
~ n ڪڪ‎ 


Success! 


M 


—" (coe (ma+ b)) TC 


Basic Obstacles > Basic Manipulations & Mental Antidifferentiation! 


e Linear Compositions (i.e. y — mz 4- b, m,b c R) 
o Strategy: Multiplying by 1 so that the derivative is visible. 


Think A (ores Cio) = — 
= Vi=(marb)* 


By aw Rue. 
A 


Z 


وله ال -He‏ عه ج ےا 
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Succese! 


(arcsin (mae) + C‏ ل 


More Elaborate Obstacles > Elaborate Manipulations & Techniques! 


As the complications become more elaborate, mental anti-differentiation becomes 
progressively more difficult. So, algebraic manipulations and techniques of integration 
offer important alternative strategies. 


Examples of more elaborate complications include: 


Adding/Subtracting functions that are not derivatives that we recognize 
Products between non-constant functions 


Division of non-constant function 


Nonlinear compositions 


In future modules, we learn various techniques of integration (e.g. substitutions and 


integration by parts). Today, we will focus on the familiar strategy of manipulation, 


which should always come before utilizing any advanced technique! 


| $1] Can/Should | Manipulate?! 


There are a number of intermediary manipulations that may be useful in the integration E 


mon ones. Note: This list is NOT exhaustive. 


process. Below are a list of som 


Multiply by 1 — 2 to make a derivative appear. Note: Here, a € R is a nonzero constant; i.e. a 
does not depend on a variable. 

Combine fractions (e.g. getting an LCD) and simplify 

Split fractions 

Express radicals as exponents 


Expand via the Distributive Property 


Simplify via Properties (e.g. Properties of Exponents (P.O.E.)) 


Multiply by the conjugate 

Polynomial Long Division, Synthetic Division, or manipulation to avoid these processes 

Initiate the elimination of negative exponents (e.g. invoke the definition of negative exponents or 
multiply the numerator and denominator by an appropriate expression (in the case of fractions)) 


Use Identities e.g. Popular Trigonometric Identities 
Complete the square to reveal the derivative of an inverse trig function 


What are the useful intermediary manipulotions * 


Sample Solutiow : Fr the rational expressions under the radica , 
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What are the useful intermediary manipulotions * 
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What are the useful intermediary manipulotions * 
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What are the useful intermediary manipulotions * 


عع كك سهدمرمله ا Tooleoy Moment Ta‏ 
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What are the useful intermediary manipulotions * 
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What are the useful intermediary mamnipulodions * 
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What are the useful intermediary manipulotions * 
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What are the useful intermediary mamnipulodions * 
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MAT187 - Calculus II Prof. Hendrickson 


Topic: 
Integration by Substitution 


Topics 
* Check-in 
* Beware of Poor Reasoning 
* Formal Statement of the Theorem 


* Let's Play! (Obvious and Subtle Substitutions) 


Determine which of the following statements is NOT true. 


(a) The Substitution Rule is also known as a "Change of Variables". 


(b) Consider f f'(g(x)) ° g'(x) dz. In the Substitution Rule, 
taking u = g(x) and du = g'(x) dx is just a bookkeeping 
strategy to help us keep track while reversing Chain Rule. 


(c) i e” «cos(e* — 5) dz = Hh cos(u) du by the Substitution 
Rule, where u = تم‎ — 5 and du = e dx 


(d) The most obvious time to use the Substitution Rule is 
when the integrand is a product between (i) a clear 
composition of two functions and (ii) some constant 
multiple of the derivative of the inner function. 


(e) When choosing u strategically, it is best to 
take the largest problematic expression whose derivative 
appears. e.g. For (c), we take u = e” — 5, rather than u = e”. 


Determine which of the following statements is NOT true. 


(a) The Substitution Rule is also known as a "Change of Variables". 


(b) Consider f f'(g(x)) - g'(x) dz. In the Substitution Rule, 
taking u = g(x) and du = g'(x) dz is just a bookkeeping 
strategy to help us keep track while reversing Chain Rule. 


c) foe -cos(e” — 5) dx = is cos(u) du by the Substitution | zz FA A 


Rule, where u = e —5 and du = e dx 


(d) The most obvious time to use the Substitution Rule is 
when the integrand is a product between (i) a clear 
composition of two functions and (ii) some constant 
multiple of the derivative of the inner function. 


(e) When choosing u strategically, it is best to 
take the largest problematic expression whose derivative 
appears. e.g. For (c), we take u = e” — 5, rather than u = e”. 


Beware of 


The Substitution Rule is also known as a "Change of Variables". 


Consider f f'(g(x)) - g'(x) dx. In the Substitution Rule, : 
taking u = g(x) and du = g'(x) dz is just a bookkeeping The Siculis Bala 
strategy to help us keep track while reversing Chain Rule. hae bey RIGOROSO pre’ 
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du 


Remember to 


e fie -cos(e” — 5) dx = [s cos(u) du by the Substitution 
Rule, where u = e” —5 and du = e” dz 


Theorem: If g' is continuous and f’ is continuous on the range of g , then using the change 
of variables u = g(x), 


b g(b) 
"(g(x))q' (x) dz = "(u) du 
[ f yg (2) / f'(u) 


a) 


Correction: 
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3 4 ب‎ . o 1 
b ون‎ (0G -5( 4x = Cos u du Sing X=0 => ui)- € -€ Anp x=1 > U5 -S 
ep cuba -6-S 


Note: The alternative to changing bounds is temporarily using an indefinite integral. Then, substitute 
back in order to rewrite the antiderivative in terms of the original variable at the end! 


Changing bounds 


55 ضملا‎ ables, Let u = -5 and cuc A dx. Then, 
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As in Option 4! 


Theorem > Need an Index Card? 
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Back 


The Substtnhow fue 
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(9 For definite integrale 
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Take advantage of the 


The most obvious time to use the Substitution Rule is when the 
integrand is a product between: 
(i) aclear composition of two functions and 


(ii) some constant multiple of the derivative of the inner function 


Clear (ae f mu lapie 0 derwahve inner 


Consider (Ege EE on e pe d 


Too du Sul sho fue y We 462, du g'e) dz 


Always check for the obvious BEFORE searching for a more creative/involved approach! 


For which integrals is the use of Substitution Rule an obvious approach? 


(a) f UE o (b) f 26-25 d (c) f NN 
SAT اك د > حص‎ 2-3 
7 7/4 a In 4 2 

(d) | sin 0 cos 0 0 (e) n = dx (f) n id 
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2 £ _ pT 
(g) [65083 (h) [oye (i) [Eme 


For which integrals is the use of Substitution Rule an obvious approach? 
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3 ae 5 
C V) | ae” 6 - da = | D, r^ des ahi feeb, quà = ر و‎ Ax gina = -_ 34> 


Co sibo! . 
d Constant mudhple T a=] = -3x 


MANIPULATE ` 


T 
(a) |, sno- ose do “= 


; <o ( " 

| (sme) | tese de ; fosg” 
0 

Composit nc! N . 

Constant mutple of al sin 8) = CoS p 


amd 3g Siw © 


T i 
t 1 : = 4 = Cos > 
% Sin x MANIPULATE * | 4 | Sn Aw; pe — anol CoS 2c 
(D | we 7 - Cosa] 4 x 

: 0 1 

Compost ne. Constant murhple ar all cos ac) = = Since 

mH x ! bot I x 5 
( ) | 2, ax aped 3 | si Ü dx j [on = pu ancl di aime" 
J o 3+20 g (29207) N 


Co sib l - ax 7 nw 
i oni Constant mhp af al 3+2e d= 24 


( 4 * -© 1 ! _ A. کر‎ 7” 
= dz Mart PULATE - | m E m? dx | {œ= x anol Aet +h 
Laur N 


Composib nn! Constant mudhple a aC E. u = £e Ü (-0 
5 "y A 2c 


Choosing the Best u (PRACTICE!) 


When choosing wu strategically, it is best to 
take the largest problematic expression whose derivative 
appears. e.g. For (c), we take u = e” — 5, rather than u = e”. 


Here , " problematic. refers to pressis that are most iiio ل‎ mak 9 Mau 


METAN morg diffe 49 Solvw. Tor omple, iw The mtegraL i 1 e”. cos GED) da 
he Cer pos nerve wit the ‘inner (aaa ys &-S causes dd T 


Note that We have Chole ! Lets Cormporre he resulting mlegrals when u= a ya webs 
4-0 and du= U dx vs. WO -S and du=l™ dx 


uct) 


l x bras ut) 
5 & cos (U-S) dx = - Cos (u-s) du. E 0 - cog (Es) ax = fos u du- 


S|MPUES[ mtegval `S . 
ass oci لمعه‎ ue ed 


Why work harder than we have to?! ea ne LARGEST “pressio 


Obvious Substitution 


Consider the example below, and notice that to see the composition more clearly, 
algebraic manipulations were first required. 


MANIPULATE C65 m 2L 
| a —— | ےه‎ 
FETE (smx) 


MANIPULATE -3 
(smx) ~ osx dx 


2 


fco = x? has been Composed of G(X) = Sna 


anD the derivative (wich would have 
resulted from Chain vule) APPEARS ! 


-3 = Sin 
55 | uc ii U= SNH 
J dus )05 2 dz 


A DERIVATIVE THAT WE KNow! 


Subtle Substitution 


The example below is more subtle. Again, notice that manipulations were first 
carried out to make the composition easier to see. 


F tx) = OX ars dau 


y 
MANIPULATE 


= f eton abi 


Let u= 2x+t| جه‎ = a 
Factor out constants 
du= 2 dx, <> dx=1 du , 
2 ا‎ (u-0 wu? du 
Tq 
EXPAND ؟‎ i| [+4 k 
= Hu uju f 1) du = لا لا زج‎ du 
| 


= ¥ 

= { u "ow adu 
4 

What's our next move? e MOTUN MANAGER ELE 


عله مع اا NS e‏ 


qz? 


(a) pe am 
-i Wer ad 


(d) f sin? 0 cos 0 
0 


(g) fe + 1)/32 + 2 dz 


we CO, C9), and Ch) 


(b) i tens dy 
JUR m 


2 
UIDI 


by naian Subtle subsntutions. 


(f) In 4 et 
Í 3 + 2e” e 


D/Z u 


Cc) let uzx-2 جڪ‎ x= Ute => De becomes : i 1+2 du 
Ond du= 4 dx S 
Whats Your nex move ? 


(9) let u= aare 32x = 2 = 5 
x= £(u-2) leo ral becomes : A (u- 2) +4) ( ul dun 


and du= 3 dx & dx = E du Whats Your nat move ? 
(h) Lab uel ج‎ ys tant => tegal becomes : | Cu). gu 
4 
ancl dus 1 dy u 


Whats Your next move ? 


U 1) 
(2 -lnx) P 
Suppose thot inm 3 and fost. Caluate the nce gral. 5 pem L 


l ) 
Suppose that ges s ang jo-1. Evaluate he inde gral \, ee dx. 
5 i : i f 
amp Solution : We Com rewrite tHe egra l as? » f (zmz) zi doc 


Changing Vaviables, lb U= Linx 
angina Bounds 
dL جع‎ = dx= Ldu 


ond duz= 2 
£ ul) = 200) and u) 
ze ا‎ 3 Pg = 2.ln(€") 
e | = dox | 1 (2-Inx) -x 
A = 3 عه‎ 

P f T - 

- E 

ue) 

= ra foo dw 


E ,ا‎ 


1 


zampa 


= = (4-3) 
1 0 based m 9« 

— RS T | 
= |-4| | 


Revisit Some He mbegrats that we constacked in the واه تقار‎ module om 


Medeting wrt i MCU Sine ui E 


5 . 5 2 
O Mas w 2D: mad )- (7ك+ ل‎ GF - y) dy 


(22 Work involved w pumping 0 Laud density م‎ out of A tank. 


W* |, Egg G- fy! Go & 


Some the integrais that we eomstucted the MATIZ module ow‏ عابك رم كا 
Medeting wrt 1 UMON £i ui E‏ 


| 8 
0 Mass wv 2D: m= | (-Y «&) بها‎ ier 0 y) d Regus 4 more 
1 SUBTLE Sube 


D ampe Solut ovo ^ 


Changing Vanobles, let u= اخ‎ oJ y= uti baron) bounds : 
and dw- 4 dy uC = l-i 


Ann Uls): S-| 


aie we have: ه28‎ 


5 
m= | CS) G5 - y) dy 


= [ C (uel) + S (u«4]) (3 + Ce (wet) dw 


uu 
EXPAND + A 
t ( ا(‎ 
0 
Iz T 2 A 
^d | (-u -2u -l + 5 للا‎ «s)(2ru -u) du 


= [ (-u* esu 4 TTT du 


2th 


3 5 
Ag ac +Utbutgar. — 2u” + © + TT du 


g 
fa 
v 
s 
ج‎ 


4 3 So Yz 5 
E u-SWv-u +Bu +4u +2utB du 


pred. E 7 9 "E : 4 
= E = = TOREM *4(2)w i Z9 
E 
“(Uf S4 E N ف‎ bey + EQ) "e (4+ CE (o) 
3 


= bł — 329 ب‎ rae + TP £92 الى‎ +32 
3 = ا‎ 


|l 


١12 € | (ca2e2(592 - 2^ (152€ b(32 20) + b ) 50د‎ 


3(4+Xs) 
= 2 — BteS m 
LO 
= || 200 - BTOB 
[oS 
= Z2 
Oo ros 


therefore. based m we 2D model, he mass of the Hin metal plate is 2992 


de J 


Me mbegrats that we constacked w the MATIB®le module om 


Revisit Some 
Medeting wrt AMNON Simi. ui E 


(2 Work involved w pannes 0 Liquid ih density م‎ out of a tank. 


W= | T _ 0(7 d ures A more 
l "m (3 i-i y Lum is id zb: 


Lampe Sole: 
Changing Vanables, let u=l-y 4> Yel-u Changing bounds : 


and du= - 1 dy &> dy = -41 du W(0)-1-O Ano ULI 


=í 


= 
= 


Subst „we have : 


"m 98 cance Iia y) (2- ue "e 


moi uc) 5 
Zz ET ( ^ 4) dw 
E ps 9 (s- رمت )- 2ع (*لس)‎ 
Se = F3 f (25 = نا‎ Xa ix du 
Cm oa (2s -0u eu (14u) de 
4 fJ 0 
- z 5 ( TRUM zm fox t +12 gu 


fJ f, 25 +2wu - Ou ei^ iu^ du 


"i eo 
= P9 ( ase ca - a ES EXY - 10(z)u 


= 4 € وم‎ [sco esc? - +0 tis له‎ 2") - z 


E SG 


^ (o - 12) 
mx وم‎ ( men) 

5 I (52) 

= 957, 


Therefore, the work mquwed to empty the tank is ber P3 joules. 


Evaluate the following integrals. 


DES cz dz 


x? T 3 
v {= dz af — dz 
x? — 10x + 26 1 — cos x 


— pe 22 +5 
w f 5—e de vn | = da 
22ع‎ 1 - zr? 


^ | 1 6 
of T —3 ram قي‎ dz 
Sompla رج خلب امك‎ ` Wa han ine wih Manpulahoms : 
2 22777777 
(fe sef ax = | ——— — ÓÀ 
ibo 2-6 x-3 ) -2X20* 2) 
LCD | _CAXK xr 3) ا‎ Ja 
a (x- alisa Cx-2X جح‎ 27 
wer EL AE E — -b 
ST MN = prec 


32 +ع ) 


ii 


= | | olx This is a Simpe Uneor 
"i x+ Composiosnr . So, 


(ii) f sint x dz 


Sampu soluiaw > We begin with rman aie Via tia identhes. 
Recall that cCos2x = l-2sn a € Zw, = لل‎ (\-cos2x) 
TWws, 


| sin toe dx = | (sin m)? dx 


Ths Shateon 1s known as 
“BEDUCNG Powaes” 


e [CIO 9 dx بط‎ mg idemhty 


2 (| - 20$ 2x. + (Cos 22)")dx 


P Hes o 
our 


5 | ur i | 2 5ه‎ 2x do + | CoS 2% de | 


ETC 


— 


= E | L — Smax + | CaS (22.2 aa | 


"Tele. locnm 
| : : 
= 4 E Z Sn 22 + Í = (tes 2<+) ax | Since جدوما‎ = Ls -| 
<> cos*x= i (cs 2x41) 


= L [xs +£( | cos 2x ixl 1 ax) | 


You Caw 


FC | ( | i 
"X 8 “SM 20 + > \(wsu)(4)du + x ) a E dw 
y L= = and 


use mental‏ 2% > يه 
du-2.dx €? dx =L du Anti d ferentia.‏ 


3 | 
d i| esner ($ | osu du Dius 


E L |x- shox rar emu |*C 
4 erp کے‎ : 
Needs w be expressed m Herms of 236 


a- sinax elx« z sn2x ) +‏ ( لا ت 


(iii) | | 1 
I daz 


Sampo يقت طن اك‎ * We begu by Spr fing Me Tum: 


| So S| — 4 


+ —— dx 
x^-4 xag 24 4 E IES 
Properties of M | a 4 p (arctan, 605 = 
Integrats | = Ax + ul > az t " 
= - x< +۹ 


~on owt 9 due 


Para d مد‎ achiewe 

is » The form 

= | La du, + 4 | | d "ra 
u, 2 ' xX 


ا 


| 
T | = 4 
iji x Ec 7 


+4 due i dx >< dx = 3 du | 


Fie 
= LÍ Qd x^al +t arttawu + C 


e 
(iv) / ——SÀ da 
e ^t — 2e* 


Sample souhen © We fest Aunmunate the negatave © تمدع جوم‎ : 


| LI a ns aa (e) 4x. 
om 20% 07 E 2) 
Propertres 3c 
per | 2 dx 
B m dt 


2 
22 — 102 + 26 


Sample adere a begin wih lang division Since the degres f Me 


vumeratoy and denominator are egual- 


4 
2 
a Dx + 2b a Ox-4S => 2 + 5 = { + (Ox-2| 
= x ep». -2b X7_10242b x< (0x +2b 
(Oz —21 


t 


lanus. | z^. چ‎ ule IE " (0x —2] da 


(Ox + 26 x^ (0x +2b‏ 2 )د 
Spur zd‏ 
(Ose E : "o‏ + 1 = 
zt^-102c-* 26 710% «26‏ 


N No 


i" 


the lsouminant 
Aree Met f = is D= €10) 4X2) 
U= x* 10x +2 =O 
du=2x-10 ——P © N 
Car we Manipulate the square: 
he nurnerator to creste 
this 7 
Properties of 
Integrals 
zx. 4 
Tippa |] كه‎ e us 
x 21863 26 A — IOL *2b 


PTE 6 Ls] 
m mm i 
— wets Zn OTU 57 = dx +l, 
a 7- 10x +26 a BSE +26 
i 


= (2*m)*-k where 


Spur á | 
Sars | 2 INC الاك ا‎ — dx +) 
L-WA+26 x 0x +26 (x.-9) 41 


Properties of E xs 
"MES a i dais dx + 3 


2 
x —i(o2cc2G 


E dx - Lİ | = dx + Ca‏ = هه 
2c —IDL+LL (x-S)] +1‏ 


j g 1 
لل‎ —— (A ZU dx. + 
= o xt*5 | u, du, 0 e pee (x-S)?«| د‎ 
س‎ 
Com € 
[ س‎ 
= ow 4e ES In| ul + 24 J CEES d C 


- Lo. ! | + aes 
= عد‎ + 5 In| 0ے‎ + 26| + 2۹ | Ta dari 


= x S dx (0x + 26| t 24 arctan ^A + © 


=|x+ Sin | x^- عدوا‎ +2b | + 24 arctan(x-s)+ C 


1 
«f — dz 
1 — cos x 


Domo alum * We begin by Mal hely irs by the Conjusate et the denominator : 
| | Manipucare f TEST («Co») r 


CIFRI - CoSx X | + cosx) 


Expand | 
[ — عد * و مع‎ 
TRG (Dem 
5 "| | + cosx dæ 
SA ^ 
Seur aoe ji E im 
— Sm tux. Sin“ 


= : d dx + | | U= Snc 
= \ csc xn dx + \ ut dui 
Me ^ i 2 -2+1 
aro ETC (C esce de ae X - 
i (-2*(00 


-=Í 
= ے‎ | -es da + Y pE 


1 


| 

1 

e 

d 
y 
| 
h 
o 
al 
t 
Q 


wf 5 — e» i Sample Solutia : Wa begin by epudtieg the e 


dx uc d S5 — a dz‏ ا 


poe of : "— 
orent -LL icd da 
m | Se = dx 
Proper es of- mr 
FY -mental 1 EE AD dx — \ dw 
auridifferarche how ) 
“مها محم‎ 


— —» Mathply by 4 


U-SubSinththe -2x 
= Erc we 
ER Re s | “ف‎ ex را‎ +l 
(FZ) 


217 45 
(viii) | لل‎ dz 


?2 - 1 ليه 


Lompe Sun W 
* bern by افلا‎ Era 


| 220 +S " 2 ART 
dtes 


CE A Corceuw) = 


E 


| 
C os 


u= =a 


dus -2x du & 2x d7 = )<1( du 


u adu + & 0ürcew 2 +O 


FTC | E 


-4+1 
ma UE Birma de 


phu 


T 


2 : 
= = ا21‎ t Sarcew TC. 


- 2 2ع - | ل‎ +Sarcenx FC 


MAT186 - Calculus | Prof. Hendrickson 


Topic: 
Day 1 - Modeling with Riemann Sums 


Topics 
* Check-in: Understanding Volume 
* Let's Play! (Cylinders) 
* Let's Play! (Cones) 


Volume 


Provide one sentence that describes the meaning of 
the word volume, including what the numerical value 


represents geometrically. 


Excerpt from Supplementary Handout 


Back +o the Basics 


: = 1 u ] 0 
(99) What do the words “area” and "Volume" nean aan 


Definitions (From the Concise Oxford Dichonary of Hathematics) 
CD area: a measure of the extent of a surface enclosed by some specified boundary. 
uL j pens peas y 


Ó (2 volume: 0. measure 5 Me 3-dimensional space enclosed بط‎ a Solid. 


Ok... But how do we quantity Me Measure of the tent or Space that is enclosed? 
Metric. System Conventions : 

© For area: the fordamental unit 1s the Square metre, writen 1m? geometrical interpretation 

(2) For volume : Fer solids, the fundamental unit is the cubic metre, written Mm? 

Note’ Foy liquide, we teno! 4o use litres, where 1L = (000 cm? (cubic metre) 


Formal definition and 


of numerical value. 


Conceptual 


* Area as the number of squares, wd a length of 4 


unit, that Cover the otemt of the Surface. enclosed by 


Some boundary 


* Volume gives Ane number of cubes , wt a lengh of 4 


unit, that cover the 2-D Spaz enclosed br} a Sold 


Filling the Space of a Cylinder 


How many cubes? 
— چ‎ 


What are some alternative ways to fill the space of a cylinder? 


Horizontal slices 
- Cross sections? _uvtle s 


- Slices (with thickness)? 
CX ludus 


Vertical slices Nested surfaces 
- Cross sections? rer» nales . 
- Slices (with thickness)? 
- Are the slices (with thickness) uada. Shale 


rectangular prisms? No i 


Our Recurring Goals 


1. Approximate! 
Process should cause the absolute 


2. Improve our approximation! — errorto go to zero! 


3. Take the limit to go from approximate to exact! 


Reflective Questions: 


e |n the end, will our choice of the representative values, z7;, matter? Why or why not? 


e Ifthe function f is integrable, will L, and R, have the same limit 
as n approaches infinity? 


Strategies Need an Index Card? 


ca‏ ا 


SLICE 


[S1] Praw es 


rams hat mclud2 a convenient Coordinate syste Cif ove iS 


not given. and noose an origin Determme relevant pomes of wrtersecticw 
up! للب‎ . « . 
FS 2d b Slices: Explicitly identify the atis and interval nina which the 
Mo "M i slang af Me object will occur. 
Qu Emann Suma - ES 
(Pick Your s e slice!) Introduce the notation the KY subintervel 
ر] حا‎ 2:3...) and the representative value d cal subinterval. , along With 
a desuriphen of the ascotiated Cres sectisw, 
State how you are oong 4o Simplify the VOKIMadIONS , includi 
J 1 P iid ; "g 
O he consideration of TAN suces 
© PRETENDING, that a relwart Quantity is CONSTANT on each Submterval 
Approximate! 


[SS | Deseribe tne EEN opprokımatang slice (and moke a mental exact 
check of how it compares tothe actual slice), 


Caluutate the approximate quant the K"^ Slice Las a formula depending on K) 
app quantity -for Mee 
hae ue! { Exprese the toil approximating quantity as o. Riemann Sum 
Ta apt Express the exact aout as the Umit the Riemann Sum 
ake li P 4 4 


Let's Play! (Cylinders) 


1. Determine the definite integral that represents the volume of a cylinder with a radius of 1 
and a height of 2, using only your knowledge of the volume of a rectangular prism. 


Let's Play! (Cylinders) 


1. Determine the definite integral that represents the volume of a cylinder with a radius of 1 
and a height of 2, using only your knowledge of the volume of a rectangular prism. 


Go to: https://www.geogebra.org/classic/egjqgbcy 


[S1 | Draw IE i that mciude a con Nen ent, Coordinate Syste Cif ove 5 
not given? anal choose an endis; Determmne lewant pots of wrtersecktiow 


Sample Solow : 
[S1 ]Draw كله‎ antame shat Melud2 a Convenient Coordinate Syste Cif ove 5 
not given anal chose an origins Determme relevant pots of wrterseckiow 


lets postion. Me cventor base of she cylinder m Me Cartesiow plone, centred 
OX he origin. Thus, me Lquatiow TS wT tL (or Lou volens ` y= EJ ] ل > “هده‎ 


2D Base م‎ 2D 


|] 52 | (rest suces!) Gepticitly identify the axis and were along which tne 


slag a object will occur. 
We will Süte me pose Ver coll atong the interval ea gie to wd. 


lmnko vv Suces). 


Introduce the nototiow er te ger Subinbervol. for 
K2|,2:2,...) "v and the represent ative Value > نف‎ Cal Subıntunael ات‎ with 
a desinphm of the ascotiated UMSS sectisw, 


Neart, we fix 0 reprtsentahyve value Ê 2 ach 
Sub interval E x] + Ge | cen a Wes 


J 


The crass Secdon associated weh كم اد‎ ic ao = 


Une Seament of Uno eve d= y= Je voler c 


fuc dix ond due — (=a, 


ie l- Ju- Yh 
EPT -(-fi-x?) 


2 IE A 


State how you are omg 4o Simplify the DPPYOKWNadions , including 
(D the consideration of THN suces 


© PRETENDING, that a relwort Quantity XS CONSTANT on eath SubointervaL 


“ip Sunpufy our Op proxumlortî ow , we Consider thn SUCES anal pretend Mot Me 
Length H ladn Cross Sectoow 1S Conto e on weng SubinternVal and equal bl. 


[$5 | Deseribe ne resulting approkımatang suce land moke a mertal wpa 
check of hew it compares Jo the actual Slice ). 
Thus, the ae ere Süte IS a فدح . د اسيك‎ 0 and width Ac 
y 


Approximating slice ‘i base Apper matias 2p Sü 
; T f. a 
pr Ta. 58 


Actal ses base Actual Bb Slice 


[Sl | Cotastake the approximate quantity “for the KT Slice las > ae SE مه‎ kK) 
be cause the OP pro met Suez iS o Fe مده نب حرو عت‎ prism ر‎ ts volume is sven de 


Ms EEES I 
= liim su. 3. Since height = 2. 


EC INSTANT 


[St] Eprese the +oto appraX-ienotang quantity AS a Riemann Sum 


Tu , We hove : 
LE I aA tt 


= 7, 


k=l 


a 7, tf “رين د‎ + AS 
& zl 


Express the gact quantity as the Umit عه‎ the Ri emann Suw 
cur ach he AKO Volume “sS aum ey x 
مالا‎ 


By defn of a defnite 
integral s yas is Me 

Area bound between the 
wt urde and the d-anis _ 


def [ TE mam 


ES 


=> hea = (4) <c leadis)” 


After-Class Challenge 71: Cylinder (Generalized) 


Determine the definite integral that represents the volume of a cylinder with a radius of r and a height 
and a height of h, using only your knowledge of the volume of a rectangular prism. 


After-Class Challenge #2 


Determine the definite integral that represents the volume of a solid whose base is the region bounded by 
the curves f(z) = +5 and g(x) = 2 - z? and whose cross sections through the solid and perpendicular 
to the z—axis are squares. 


Let's Play! (Cones) 


2. Determine the definite integral that represents the volume of a cone with a radius of 3 and a height of 4. 


Let's Play! (Cones) 


2. Determine the definite integral that represents the volume of a cone with a radius of 3 and a height of 4. 


| 51 ]Draw كله‎ rds hat melud o. Convenient Coordinate syste Cif one xS 
not given? anal choose ON erigi j Determine relevant pomes of wrkerseckiow 


Sample Solutiow : 
[$1 | Draw كله‎ agrong hat mclude a Convenient Coordinate systu Cif ve 
not given. 2 ana choose an يمد‎ 5 Determme relevant pats BE witerseckiow 


Lucis. Me 0 AOS or Um S , where ne Second iS a ar Cross 
Se مه كل‎ e Me tone aiii w diameter and though the Viwe, here 
Me Vertex `S at the عاب‎ yi 

me 


Wey : 


SERM | 
V 00 


[Sz] (rest suces!) Gepricitty idantify the ALIS and wen eL along which Me 


slang ae object wil occur. 
We will Slice the Cone lho zontal 3 m the y-as dee و‎ +o get 


Introduce the nototionw the KF subinterval 


K=[, 2١ ر ...,ة‎ and the crépresentatwe value J Caw subintorval , along with 
a desunpghm of the assotiated USS sectisw, 


AN awk, we x 0 repvesentatve value ye qan LOW 


Sub interval ias 29 Tec keel 


The eras Section assocdated wrth Vie ic e 


Circle of radius Vy , To determina the expression 


c 


Jor the rodius , consider Similar triangles. 


State how you are gna +o Sip the approximnadions , including 


(D Ihe consider axo of THAN suces 


(2 PRETENDING, that a relwort Quantity wS CONSTANT on eath Subointervab 


“Ts Spt our apprkwMotionw, We Consider thin SUCES andl pretend Nor Me 


radus f Lan CKOSS Sectoow 1S Constant en energy Sunt al. and equal to Ca 
e 


[$5 | Deseribe net E appeokienatang sūce (end mode a mertal/expadk 
check of how it compares 4o the actual slice ). 
Thus, the ae ee Sluice 1$ a thin culmde (or dist) with a radius of 
ت ا‎ and a e kE of Ay. 


Je 4 
Actual slice 


Approximating Slice 


[Sv] Cat ulate the approximate quantity for te Kh suce las ^ p I n k) 
Do cause the a | MÓN Slice S a cy صا , اناعم أ‎ Voluwe is Sven by: 


“= T (adius) x herant 
2 


= "(2 | X) Ay 


> dm 69 Ay 


[St] Gorese the oto Opproximoting quantity 05 a Riemann Sum 


= , we hove: 


V% pe A TA 


v 


Ei 


= "n T 02: Ay 


uer 


Express the exact quantity as the Umit of the Riemann Suyw 


Se eee 5 e by ü 


MAT186 - Calculus | Prof. Hendrickson 


Topic: 
Day 2 - Modeling with Riemann Sums 


Topics 
* Check-in 
* Let's Play! (Regions Between Curves) 
* Let's Play! (Finding volume — Example 1) 


* Let's Play! (Finding volume — Example 2) 


Fill in the blanks with the appropriate numbers. 


The minimum number of integrals required to calculate 
the area bound between the curves is [Number (for 


Horizontal)] (for horizontal slices) and [Number (for 
Vertical)| (for vertical slices) 


Enter: [Number (for Horizontal)] ; [Number (for Vertical)] 


g(x) sin(2 x) 


Fill in the blanks with the appropriate numbers. 


The minimum number of integrals required to calculate the area bound between the curves is 


S (for horizontal slices) and — Z (for vertical slices). 
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g(x) = sin(2 x) 
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f(z) = sin(z) 


After-Class Challenge 


There are three notable factors to consider when we are slicing for overall efficiency and convenience: 
the minimum number of integrals required 
how difficult it is to isolate the variable of integration, given the functions 


the work required to integrate 


Because we have not learned integration yet, only use the factors from (i) and (ii) to decide which slices are 


best for efficiency and convenience: horizontal or vertical. Explain your choices. 


(b) (c) YA 


x = 2y 


= 


: 
x=y-3 


After-Class Challenge (Continued) 


There are three notable factors to consider when we are slicing for overall efficiency and convenience: 
the minimum number of integrals required 
how difficult it is to isolate the variable of integration, given the functions 


iii. the work required to integrate 


Because we have not learned integration yet, only use the factors from (i) and (ii) to decide which slices are 


best for efficiency and convenience: horizontal or vertical. Explain your choices. 


(d) ) بد‎ (f) 


1 y = sin x 


= 005 X 


Strategies Need an Index Card? 
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Let's Play! (Regions Between Curves) 


1. Determine a single definite integral that represents the area enclosed by y = ln z, y = z +2, y ع‎ 2. 
and the x-axis. 


1. Determine a single definite integral that represents the area enclosed by y = lnx, y = x + 2, y = 2, 
and the «x-axis. 
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[S] Express. the toi approximating quantity as a Riemann Sum 
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Let's Play! (Finding Volume - Example 1) 


2. A farm uses a cylindrical silo to store grains. A spherical cap (from a sphere of radius R) is used as a roof. 
The spherical cap has a height of ^, where h « R. 


(a) Introduce a function, draw a diagram, and describe a revolution that would help you determine 
a definite integral for the volume of the spherical cap. 


(b) Determine the definite integral that represents the volume of the spherical cap and explicitly state 
the method that you will use (i.e. disk or washer). 


2. A farm uses a cylindrical silo to store grains. A spherical cap (from a sphere of radius R) is used as a roof. 
The spherical cap has a height of ^, where h < R. 


(a) Introduce a function, draw a diagram, and describe a revolution that would help you determine 
a definite integral for the volume of the spherical cap. 


Sample Solow: 
[S1 | Draw كله‎ 23 Xm that Mclud2 o. CONVeniant Coordinate 
systemu (if one is not giver ana choose, an origin 


Determme relevant pots of wrbersectiow 


2. A farm uses a cylindrical silo to store grains. A spherical cap (from a sphere of radius R) is used as a roof. 
The spherical cap has a height of ^, where h < R. 


(a) Introduce a function, draw a diagram, and describe a revolution that would help you determine 
a definite integral for the volume of the spherical cap. 


Sample Solow: 
[S1 ] Draw كله‎ 23 Xn that Mclud2 o. Convenient Coordinate 
systemu (if one is not giver ana choose. an origins 


Determme vr@lewant pots of wrbersectiow 
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(b) Determine the definite integral that represents the volume of the spherical cap and explicitly state 


the method that you will use (i.e. disk or washer). 
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Let's Play! (Finding Volume — Example 2) 


3. Find the definite integral that represents the volume of the solid obtained by rotating the region bound 
by y =x and y = z? about the line y = —1. 


Let's Play! (Finding Volume - Example 2) 


3. Find the definite integral that represents the volume of the solid obtained by rotating the region bound 
by y =x and y = z? about the line y = —1. 


Go to: https://www.geogebra.org/classic/wsugdvnt 


PLAY! (this is eo Coo! ( © 
Enter Afferent L and y- values T The 
QIS of rotario. 


3. Find the definite integral that represents the volume of the solid obtained by rotating the region bound 
by y — z and y = x? about the line y = —1. 
Sample Solutiow : 
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MAT186 - Calculus | Prof. Hendrickson 


Topic: 


Day 2 (Cont'd) - Modeling with Riemann Sums 


Topics 
* Check-in 
* Let's Play! (Finding Volume) 
* Let's Play! (Mass in One Dimension) 


* Let's Play! (Mass in Two Dimensions) 


Consider the region, R, bounded by the curve f(x) = x? + 2 
and the lines x = 0, x = 1, and y = 0. 


Suppose that we create different solids by revolving the 
region R about the following lines: « = 0, x = 1, x = —3, 
y =0,and y ع‎ 3. 


Assuming the most efficient slicing approach, there are 
solids with slices that only consist of washers and 


solids with slices that are only disks. 


(a) 2 (washers); 2 (disks) (b) 2 (washers); 3 (disks) 
(c) 3 (washers); 2 (disks) (d) 4 (washers); 1 (disks) 


(e) None of the above 


Consider the region, R, bounded by the curve f(z) = z? +2 and the lines x = 0, x ع‎ 1, and y= 0. 


Suppose that we create different solids by revolving the region about the following lines: x — 0, x — 1, 
z—-—3,9y-0,and y =3. 


Assuming the most efficient slicing approach, there are solids with slices that only consist of washers 
and solids with slices that are only disks. 

@2 (washers); 2 (disks) (b) 2 (washers); 3 (disks) 

(c) 3 (washers); 2 (disks) (d) 4 (washers); 1 (disks) 


(e) None of the above 


Consider the region, R, bounded by the curve f(a) ع‎ z +2 and the lines z = 0, ع نه‎ 1, and y= 0. 


Suppose that we create different solids by revolving theregion R about the line [x = 0. 


Epes 2C ec nii اا‎ y: 


ye dA => an = ye 


=> = [y 


=> |x| = 797-2١ 
=> x= 9 ويل‎ 


1 2 " 0 
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z 
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Volume of Cylinder 


Consider the region, R, bounded by the curve f(a) ع‎ z?--2 and the lines z = 0, x= 1, and y= 0. 


Suppose that we create different solids by revolving theregion R about the line 


What are thuy l 


Consider the region, R, bounded by the curve f(a) = z +2 and the lines z ع نه ,0 ع‎ 1, and y= 0. 


Suppose that we create different solids by revolving theregion R about the line [x = —3.| 


What are thuy : 


Consider the region, R, bounded by the curve f(a) ع‎ z +2 and the lines z = 0, ع نه‎ 1, and y= 0. 


Suppose that we create different solids by revolving theregion R about the line 


3 


o disks! 


1 n ? 


What is i? 


Consider the region, R, bounded by the curve f(a) = z?--2 and the lines z = 0, ع نه‎ 1, and y= 0. 


Suppose that we create different solids by revolving theregion R about the line 


" 


What is it? 
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Take T { [58] Express the exact quantity as the Umit of the Riemann Sumo 


Let's Play! (Finding Volume) 


1. Recall the region, R, bounded by the curve f(x) = z? + 2 and the lines x ع‎ 0, x ع‎ 1, and y = 0. 
Determine an expression (involving one or more definite integrals) that represents the volume that 
results from revolving the region, R, about the line x = 0. 


1. Recall the region, R, bounded by the curve f(z) = z? + 2 and the lines x ع‎ 0, z ع‎ 1, and y — 0. 
Determine an expression (involving one or more definite integrals) that represents the volume that 
results from revolving the region, R, about the line x = 0. 


Sample Solow : 
| 51 [| Draw كله‎ carne that Mclud2 a con Nen ent, Coordinate Syste Cie ove 5 
not given? anal choose an ovignn Determme lwant pants of wrterseckicw 
eer the cee Sketch `- 
(e Penis ar wer Se chow 
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State how you are 


on 4o Simplify the approximnadhions , including 
(D the consider ation 9 THAN, cUces 


(2 PRETENDING that a relwort Quantity *S CONSTANT on eath Subintervab 
Note hat 
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[$5 | Deseribe “ne ed ععناك كه بويت جه‎ land moke a mental/expadk 
check of how it compares 4o the actual suice ). 


Aon 70 to y= 2, we Can callate the exact Volume of ne eder. 
wud i$: V, = T Gradi) height z-0 

ead (2-0) y 

= 2T 


fom 9-2 to رك = نا‎ the Approx mating SD Slice is 
a washer witha face of oreo A= جد‎ | 3-47) by { 
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eS 
Actual Slice : ص ا‎ 


[Sv | عدا )دن‎ the عكدمم بص مومه‎ quantity for the K^ slice lasa fremde. depending on ل‎ 
The volume a the appo inating vua one is ` 


V. = (area of 2D washer) X height 
= qmG-yf). Ay 


Exprese the +otoL approximating quantity AS o. Riemann Sum 
Summing , We Nowe: 
ww 
V = Vowme of uy عادص‎ iP 2 V; 
x«l 
vw 


= Xue 4 E T [8-344 


[58 | Express the act Ooh as the Umit of the Riemann Sumo 


There xt, he Lact volume is: 
"M 


V= 2x. dee 7,T y 


nw 47! 
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E aus \ T (2-3) dy 
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Let's Play! (Mass in One Dimension) 


2. Consider a mineral deposit that is in the form of a very thin strip. The strip has a length of 6.5cm and can 
be modeled by a line segment in one dimension. 


Suppose that the density of the mineral deposit varies depending on the location along the strip, and is given 


by: p(x) = —dk(x — 2)? (x — 6) + 3 g/cm for 0 € ند‎ < 6.5. 


(a) Which fundamental physics formula is relevant here? Provide a variation of the formula for 
one-dimensional objects. 


(b) How should we slice the line that models the mineral deposit so that it's reasonable to pretend that 
the density is relatively uniform when the slices are thin. Justify. 


(c) Determine a definite integral that represents the mass of the mineral deposit (based on the 
one-dimensional model). 


2. Consider a mineral deposit that is in the form of a very thin strip. The strip has a length of 6.5cm and can 
be modeled by a line segment in one dimension. 
Suppose that the density of the mineral deposit varies depending on the location along the strip, and is given 


by: plx) = —4(x — 2)! (r — 6) - 3 g/cm for 0 € x < 6.5. 


(a) Which fundamental physics formula is relevant here? Provide a variation of the formula for 


one-dimensional objects. 


Damak solution : 
For 3D: density = mass 
Volume 


«— Mass = denih x Volume 


Fr me- dimensional objects, we irtrocluce toe wme-dimentiostL equivalent 


of Volume , which ie Length: 


) 


density = mass SS mass = density X LENET 
LENGTH 


2. Consider a mineral deposit that is in the form of a very thin strip. The strip has a length of 6.5cm and can 
be modeled by a line segment in one dimension. 


Suppose that the density of the mineral deposit varies depending on the location along the strip, and is given 
by: p(x) = = (sz — 2)? (x — 6) +3 g/cm for 0 > ند‎ < 6.5. 


(b) How should we slice the line that models the mineral deposit so that it's reasonable to pretend that 
the density is relatively uniform when the slices are thin. Justify. 


Sample Solu pvo ` 
| 51 [| Draw كله‎ wi iin shat mclude a convenient Coordinate syste Cif ove iS 


not given? anal Choose an exque Determme relevant pets r wrkerseckiow 


Consider a me- diwnmensimal model ef the mineral deposit snp. 
strip 

ERE zs‏ سے 

0 t.5 


(Test suces! ) Explicitly idamtify the aris and interval ane whidh the 


sliang EE object will occur. 


Based om ovr aiagraww, the bens ty changes with values of 20, as 
We Move T~ lefe to righi alena the Strip. 


Thus, Vertical sliang is best See x-Values are associated with 
Veyacal Unes, and if Dur slices ave tun, we can- pretend that 
the d unes 3 relativery uniformo m Lal slice. 


2. Consider a mineral deposit that is in the form of a very thin strip. The strip has a length of 6.5cm and can 
be modeled by a line segment in one dimension. 


Suppose that the density of the mineral deposit varies depending on the location along the strip, and is given 


by: p(x) =- (e — 2)3(«@ —6) +3 g/cm for 0 > نه‎ < 6.5. 


(c) Determine a definite integral that represents the mass of the mineral deposit (based on the 
one-dimensional model). 


(Pick ovr Sample slice!) Introduce the notation for the K^ cubinterval. for 


K=|,2.3,---)m and the represent ative Value ái taw ا‎ maa with 
a desuenphen of the aScodoted Coss sectiow. 


' IT a strip 
hom here, we 0 Cu tSuntohve | Li و‎ 
x 
Value x = L A.) 2n, ] where the associateck 8 m V eS 
COS Geno of the Uneor strip 19 & point. £, 


State how you are ading 4 Simplify the appreximadions,, including 
O the consideration of THAN suces 
(2 PRETENDING that a relwort Quantity wS CONSTANT on eath Subintervab 
s Simplify ouv appr Xımotrowt, we censider tun euceS and pretend Hat 
Ne Clensity E relahvey uniform / censtamt om cal slice. 


[$5 | Describe Ane resulting نه مم ع بوم مجه‎ sUce (end moke a mertal pik 
check of how it compares Jo the actual Slice ل‎ 


; Ed : A 
The approx mating Slice is û Short line ا للا تت‎ 
BEE, mit a a 0 Mea V v.5 
Lea = a Ly 
SS 


= ^A». Bx 


Such that the Aunty ak n point aleng the ni كاهد 20 فف‎ pe J 
Fr the actual sua, the denerty Chana es at EM paint . 


[Sv] Ca ulate the approximate quantity “for the ( scü las ^ femula depending en. kK) 


Be cause Mass = clensi x length | whem density 1s 


our Appr Dynati Lo the mass m the kmh Stvip 1$: 
Mye = (approx. dene ) x leng 
= Pla) - ne 
ges gu agi. ( + 3( ٠ ax 


Exprese the towl approximating quantity AS a Riemann sum 


Sum 


de dues o HL Pe J oe at GE -0) +B) Ax 


ne 2 


[58 | express the exact quantity as the Umit of the Riemann Sums 


Thered 2 the wach Mass is 


سلا 


2j (tk Gi-»0f-0*2): Ax‏ كت 
( 


«1-0 Kk 


p laz [aes de 


b 
| = | p dx Fr one-dimensional obj ects . 
5 IG 


Let's Play! (Mass in Two Dimensions) 


3. Consider a thin metal plate that can be modeled by a two-dimensional plane figure, given in the graph below. 


Suppose that the density of the plate is given by p(y) = —y?+5y g/cm?. 


(a) Which fundamental physics formula is relevant here? Provide a 
variation of the formula for two-dimensional objects. 


(b) How should we slice the region that models the plate so that it's 
reasonable to pretend that the density is relatively uniform y 
when the slices are thin. Justify. 


(c) Determine a definite integral that represents the mass of the 
plate (based on the two-dimensional model). 


f(x) =x? - 6x + 10 


3. Consider a thin metal plate that can be modeled by a two-dimensional plane figure, given in the graph below. 


Suppose that the density of the plate is given by p(y) = —y?+5y g/cm?. 


(a) Which fundamental physics formula is relevant here? Provide a 
variation of the formula for two-dimensional objects. 


Sample solutiow : 
For 3D: 


density = mass SS mass = aensity x Volume 
Volume 


p two - dimensional objects, we يع حك مسحت‎ te Two - 


f(x) = z? — 6x + 0 


dimensimmat equivalent of Volume , which iS 


dlensity = mass SS mass = aensity x AREA 
AREA 


3. Consider a thin metal plate that can be modeled by a two-dimensional plane figure, given in the graph below. 


Suppose that the density of the plate is given by p(y) = —y?+5y g/cm?. 


(b) How should we slice the region that models the plate so that it's 
reasonable to pretend that the density is relatively uniform 
when the slices are thin. Justify. 


Draw di acres hat melud a convenient 
Coordinate systemu (if one is net, given ana choose 


On يت‎ Determme relevant parts al mterseæetiow 


(Tast suces!) Cice identify she asis 
ond له لاحر رخص‎ —— whidr Me sliang er 
tme object will occur. 


S ampe Soluhow ' Be cause the density Changes wy y-values Cwwich are 


represented by Novizontal lines), hizm suces are best 


ACA bial ag 
= the relevant si Ê intersectim. 


Tom the eer we See tat the lewest y-value 1$ 


` fn me w p a EE emsider the milersechsr between ga i> NR 
anol po x -lox +0 Pape, them, we solve 


2 
dpa 410-2 20 —7? i'-?w-—2)-1070 


| 


=> t-te Rio 

=> (x-2)x-s)=0 
= SF X-2-7o0 o L-S=0 
=> 


LEIEL oo AES 


Eon , We ave interested in the Yat most ساد‎ value | namay 


x=S, 


So, our سد‎ y-value is > 


"The remun pant of nbterseck or (wolves hiox)21 and x)= x -baz +0 


5 E 2 
Co wating them, we hove: he eid = | => م وم دنج‎ -1 =0 


=> يون لب‎ eo 


وک 
(x-2)70o‏ >= 
>= 


3 - عد 


Eh ow Por nt S _ (2,1). 


3. Consider a thin metal plate that can be modeled by a two-dimensional plane figure, given in the graph below. 
Suppose that the density of the plate is given by p(y) = —y?+5y g/cm?. 


(c) Determine a definite integral that represents the mass of the 
plate (based on the two-dimensional model). 


| $2 [ ) 596 your sample slice!) Introduce. the notation 


E the كم‎ anneal di K= |, 2, مو ر ...,ة‎ and 


the represent ative Value Cal Submntervel , along 


wih A 0 معطم ص5‎ of the asscotiated UMSS sectiow. 


Fa 0 r اه‎ ) >21, eode, Value y“ € ly, : ا‎ 
The Cose Sethion assouiated vow, this value 


1$ a Une ا د‎ a د‎ l= Ap 7 A 
w wre y= cae lo lp) +10 and 
ye = way) since jones 


To Solve T Xg, Wt complete the square as follows: 


2 
xz - lex + 0 = (tm) +K 


where m= طح‎ and wm*= )-33* 
2 — 
- = il 
2. 2. 
—» x -baa +10 = (x - ox ) +10 
= (x*-— wx imm) +10 
دس‎ 


zx 


= Gli 4 ) + o 


= (x'- boo +4) -3+0 
aaru] ee 


= laes] ed 


It Men lws that : 
(x,-2)*l = y * = -3 =y 


|“ 
ع 


"d TASI = eue] 
== jen Snc, x^ = dx 


when ™ Vm. 


= مول + = وده‎ | by defa of 
AoeSojute Value 


==» hag mt ly f=] 


( 


Basea on the peint of intersect ion (3, L), Xg = )مول © د‎ eL. Cape) 
Combining our resutts , the QN" Men has Length 
[RC 


Es s يه ۾‎ die ye 


State how YOU are oong +o Swap the approxivnadions , including : 
the consideration of TAN suces 
(2 PRETENDING trhat a relwort Quantity 
wS CONSTANT on eath Subinterval 


To SimpU N ouv appro Xımotrovt, we consider tun SUS and pretend at 
Me Clensity [S relahvey Wn erm. / constant on cal slic. 


[55 | Deceribe Ane resulktin ا‎ slice (end moke a NEAL. A 
check of hew it compares 4o the actual SUce ). 


The Approximating Slice 1S a rectangle wits 
On Orta 1 A = Length x width 
= 1 X Ay 


= (pT ye) ay ده[ل]ع]‎ 
L 


ond we ore assuming that the density of the metal plate is uniform / censkant 
m his Slice. "(he ocual Slice has the m uz JL xd. 
density Mat 1s Chomging at Nn, y-Value assouated with the slice. 


Calulate the approximate quantity, “for the KT Sluice las > oo depending om k) 


m a E 
our approximation Ae the mass m the Kh Smp is? 
Mye = Cappy. ancii) x arte 
m 4 هدض‎ 85 
-(-GD*esgt)-(o*dys-i - 4^): Ay 


Exprese the total approximating guant 05 A Riemann Sum 


Summing , we Won: "mu e Zit- (ye) ^r Syr) - (3+ Lype l Z Ye iL Ay 


[58 | Express the exact Quantity as the Umit of the Riemann Survo 


Therefore, the Ulack mass 15 given by ` 


nu 


m= e LI rs) Cody - ثلا‎ ay 


No Ks 


de = - 
= | GENEE ~y) Ay 


MAT186 - Calculus | Prof. Hendrickson 


Topic: 
Day 3 - Modeling with Riemann Sums 


Topics 
* Check-in 
* |mportant Observations 
* Let's Play! (Arc Length) 
* Let's Play! (Surface Area) 


Our Recurring Goals 


1. Approximate! 


Process should cause the absolute 


2. Improve Our approximation! a 0ا‎ go to zero! 


3. Take the limit to go from approximate to exact! 


Questions: 


* Which approaches ensure that the absolute error goes to zero? 


* Which approaches do NOT ensure that the absolute error goes to zero? 


For arc length, which approaches ensure that we can improve 


our approximation for the length of the curve on each subinterval? 


(a) Using segments from tangent 


lines (i.e. linear approximations) EER | | 
CELA | 


(b) Using segments from secant 
lines, with endpoints: 
(zk-1, f(zx—1)) and (zk, fx.) 
(c) Using segments from horizontal 
lines, (e.g. y = f(£k—1)) 
All of the above 
Only (a) and (b) 
Only (a) and (c) 
Only (b) and (c) 


For arc length, which approaches ensure that we can improve Approach from PCE; only 


our approximation for the length of the curve on each subinterval? requires knowledge of linear 


; 
j 
| 
| 
/ 
| 
| 
| 
| 
i 
| 
| 
| 
| 
| 


approximations! m 
(a) Using segments from tangent 


lines (i.e. linear approximations) ü i 5 
ost popular approach in 


(b) Using segments from secant 
lines, with endpoints: 
(zi, f (ue-1)) and (ze, f(xx)) 

(c) Using segments from horizontal 
lines, (e.g. y = f (xii) 

(d) All of the above 

(e) Only (a) and (b) 

(f) Only (a) and (c) 

(g) Only (b) and (c) 


textbooks; proof uses Mean Value 


Theorem (which you are NOT 


responsible for in this course). 


No matter how short each horizontal 


segment becomes, the sum of all their 
lengths will always equal the length of the 


interval. So, we never get an improved 


approximation of the curve's length. 


For surface area, which approaches ensure that we can improve 
our approximation of the surface area on each subinterval? 
(a) Using cylindrical slices j 
on each subinterval 
(b) Using slices from cones (with 


circular cross sections) that are 
associated with tangent lines 


(c) Using slices from cones (with 
circular cross sections) that are 
associated with secant lines 


(d) All of the above ? 


) 
(e) Only (a) and (b) 
(f) Only (a) and (c) 
(g) Only (b) and (c) 


For surface area, which approaches ensure that we can improve 


our approximation of the surface area on each subinterval? 


(a) Using cylindrical slices 
on each subinterval 


(b) Using slices from cones (with 
circular cross sections) that are 
associated with tangent lines 


(c) Using slices from cones (with 
circular cross sections) that are 
associated with secant lines 


(d) All of the above 
(e) Options (a) and (b) 
(f) Options (a) and (c) 

(9) Options (b) and (c) 


The reason why the cylinders don't 


effectively approximate surface area is 


A we intimately connected 10 the issue that arose 


with arc length and horizontal segments. 


Approach from PCE to be 
mi consistent with the explanation 


regarding arc length. 


Most popular approach in 
textbooks to be consistent with 


the proof regarding arc length 


Important Between Volume and Surface Area 


Although volume and surface area are connected to the same object, their values can seem 
pretty unrelated at times. For example: 


e Cylinders can be used to effectively approximate the volume of a solid with a particular surface area. 
However, the surface area of these same cylinders (when we exclude their circular ends) cannot 
be used to effectively approximate the surface area of the solid. 


e (Coming soon!) In MAT187, under the topic improper integrals, you 
will likely come across Gabriel's horn, which is created by revolving the 
reciprocal function, y = 1/z, about the z-axis for x € [1, oo). It turns 
out that this horn has FINITE volume, but INFINITE surface area! 


It may be helpful to remember that: 
* Volume is a three-dimensional characteristic, while surface area is a two-dimensional characteristic. 
٠ When we create an object through revolutions, the volume results from revolving the region bound by the 
curve. So, volume is intimately connected to the 2D property of area. 
* Surface area results from revolving the curve itself (when creating a surface through revolutions). Thus, 


surface area is intimately connected to the 1D property of arc length. 


Moral of the Story? 


We need proofs because looks can be deceiving! 


Many advanced calculus textbooks include rigorous proofs that show that we achieve improved 
approximations (i.e. the absolute error goes to zero as n — oo) when we use the following approaches: 


4 


ra 


لكا 


8 


For area: using rectangular slices 
For volume by revolutions: using cylindrical slices or washers 


For arc length by revolutions: using segments associated with secant 
or tangent lines (NOT segments from horizontal lines) 


For surface area by revolutions: using slices of cones with circular 
cross sections (NOT cylindrical slices) 


Question Need an index card? 


Front 


Question 


What does As represent in the 


Context ore lengh ? 


Back 


As = approximate, length. for curve np sch سسا اصع ايربط ماك‎ 
= Lec * ADI 


Question Need an index card? 


Front 


Queshow 


Back 


VWoNat is the mula the approx mate 
Surface] oraa on the Ke alice! SA, = Approximate SA of ce band 


UE =) ( ae 


AS 


Fanchon rex € y wy depending or 
axis of rewoelufew.- 


Strategies Need an Index Card? 


aa F . : : :‏ سس 
[st] Praw dš reis shat mciude o. convenient Coordinate syste Cif one is‏ 
SLE deb; given ana choose an enge Determme veleant pomes of wrtersecticyw‏ 
up!‏ 
Wo dens wth‏ 


suces! ) Eplicitly idee the aris and cen ed alsia which the 
Ri Emann Suma 


slang af Mg object will occur. 


le. slice!) Introduce the notation the K cubinterval 


K= 1,2: S...) 'v and the representative value T [4712/9 subitania , along with 
a desuriphen of the assotiated USS seotisvo, 


State how you are ong مذ‎ simplify the appreximnadions , including 
O he consideration of THIN exces 
© PRETENDING that a relwart Quantity is CONSTANT on each Submterval 


Approx voe! 


[$5 | Deseribe tne resulting opprokımatang sūce (and moke a mental f نان قامين‎ 
check of how it compares tothe actual Slice), 


[Sb ]Cat uate the approximate quantity pte KY Sica las > peus depinda om K) 

Add upi ( Exprese the toil approximating quant] as o. Riemann Sum 

i arab ESL ress the exact oou as the Umit cf the Riemann Suu 
ake ti P aran 1 


Let's Play! (Arc Length) 


Just for fun, you decide to create a collectible building set of the 
Golden Gate Bridge in San Francisco (one of the longest 


suspension bridges in the world). 


Your goal is to make your model of the bridge relatively proportional 
to the actual bridge. Currently, you know that the bridge is 1280m 


long and 152m high. However, you do not yet know the length of 


the cables between the two main towers. 


If the curvature of the cable can be modeled by a parabola with the equation y = 0.000372z?, where 


|x| € 640, determine the definite integral that gives the length of the cables. 


Image (collectable): https://www.amazon.ca/Architecture-Golden-Collectible-Building-Exclusive/dp/BO84SR18R8/ref-asc df BOSASR18R8/?tag-googleshopcOc- 
20&linkCode=df0&hvadid=459371704680&hvpos=&hvnetw=g&hvrand=18238797118768406179&hvpone=&hvptwo=&hvqmt=&hvdev=c&hvdvemdl=&hvlocint=&hviocphy=9000784&hvtargid=pla-920591318867 &psc=1 


Samp e Solution * 
[S1 | Draw وعم ا‎ that Mclud2 a convenient coordinate Syste Cif ove XS 
nov given) anal choose an és adm 5 Determme relevant pets e£ wrkerseckiow 


y y= 0.0002 7 x^ 


| E31 


مهما 640— 


| 52| (Tast suces!) Explicitly identify the aris and teral alang which the 
sang a te object will occur. 
We consider verticem slices alng the x-azie dem. x= -bto do x= 640, 
whid alow us +o consider tangent Lhes i the most ive way. 
(Note. Because the functow > Symmetric About the Yr Ors , We Could alSo DovBLe 


Ouv Tos neue eres CUm do > bto. ) 


(Pick Your sample slice!) Introduce the notation fr the Kf^ subinterval 
K=|,2.3,---)™m and the represent ative Value T CaM al اناد‎ salg With 
a desuenphen of the ascotiated USS sectisw, 


A ont, p - e E ; أيه‎ . Here, the asécotiaked Coss Sechew ١> the pomt 
y 


Lut. pm 


State how you are qus 4o Simp the approxumadions , including 
(D Ihe consideration of THAN suces 
(2 PRETENDING, that a relwart Quantity wS CONSTANT on eath Subintervab 


To Sip y ow  OprvKivectiovo ; we مع اه نعمص‎ thin Slices anc pret una nok 
the Slope of the Cua IS Constant and equo to the Slope ¢ she PCR 
ab (o, few J. 


[$5 |Deceribe ne es appemcinnating slice (and moke a mertal/expadk 
check of how it compares Jo the actual slice), 


“The MERE SUce is a Line Sea ment, ca Mae interval Le a x. J 
nat is argent «2 the Cuvve at a اا‎ 


SUce centu. suce‏ | اا 
x 2 x‏ يا 
i * | Ee c We‏ 
3 7 


Calualate the approximate quantity for the KT Slice las > [eee E om K) 
By me EY Pay 3) PCE, we mw that tne ngm of the APPRIME 
Segment {Ys Sven ley: EL JS ا‎ «n (Cl ° PAN 


Tor Te 0.000 53+ x”, re 9) = (0.00024 (2) x ky (caer Rolie 


= O. OOF = 


Thus, سا‎ >> TEE: Lo. لجع ووم‎ wages 


Exprese the +otoL approximating guant OS a Riemann Sum 
Summing , Ne hewe : i 
= z , L 
2 = E 


VE 
7 J | + Lo. ooo74 xttl “Ax 
er 


[58 | Express the exact guant as the Umit of the Riemann Suyo 


Ther DM the each arc Length (a 


L= nee ie ooo 4ع‎ xttl “Ax 


lel 
=. Un J 1+ Lo.ooo74 x 1” dz 
— be 


Let's Play! (Surface Area) 


You are shadowing a team of engineers who are building a solar 
parabolic dish that generates electricity by reflecting and concentrating 


solar radiation onto a central receiver. 


Suppose that the dish has a diameter of 9m and a maximum depth of 1m. Determine the definite integral 


that gives the surface area of the dish when it is modeled by revolving the function, y — az? (for some 


a € IR) about the y-axis. 


Image: secbattery.com 


a ENT Solution - 
[EL] Pma كله‎ yr, aoi that melud a conventent Coordinate Syste Cif ove 5 


nov given anal choose, On ann 5 Determme relevant pomets af wrtersectiocw 


me beaiw by usna the alvawu t 4v deter mune 
J y 9 d eo RADIUS = DIAMETER 


= 
Yz 


the Value of oe such hat rox". From the y 
OU axram, we Know Mat the point C5, 1) iz 
M Hae Sraph (ie. LFS and y=! sats fy the 
sa Loch ove yaw), Substring , We howe: 


1 =a (45) طح‎ a = 


Has. y= 4 a”. 


[S2] (Test suces!) Explicitly ida ane afis ana were a hid “ne 


slang ca object will occur. 


that Suvface Orla, We Can‏ المع ءا 


approximate Qa Slice US\re perhens of ungs. 


horizoteL Slices are best hew , foe‏ ره 


y - Values Ceapan Teen y= © +o y =. 


Introduce the notatiow 


K= |, 2: $... jv and the CUpCCS علص‎ ative Value si Cau تفا ای ن ناا ا‎ with 
a desunphen of the associated cans sectisw, 


fre the K™ cubintervaLl 


Fix a representative Value ye € Lu. 9 ye ل‎ Suen that the asso ن‎ aked 
Cross Sectww IS à ure of dius Ae, where = t Nr 


lola 2C 
4 2 AS 2 pau 
E 
PE RE 
Bi XQ) —? (xg) = El 
^ Se 


— d 
ERE 


M 


by defn ao 


[s4] State how you are كيلك‎ bs: Simplify the approximacions , including 
(D the consideration of THAN suces 


(2 PRETENDING that a relwart Quantity +6 CONSTANT on eath Subinterval 


To Simpi N ON apPoxmatow, we CenSider tun SUce& and pretend thot 
|... "fe Slope of Me Curve is eretant m Cu إل و‎ d ana equal to the cepe ا‎ 


of Ha tangent Une Mt rd 


[$5 | Describe ane e op عمو نوصو‎ kanê slice (and moke a mertal] نان تام‎ 
check of how it compares 4o the actual slice). 
يوعد‎ 


بالا سل يم 


Thus , Ow LE. 3D Gic. 15 ats 5 
wale Wwe actual Sle is 9 


| امع | ماك‎ ulate the approximate quantity for the £"^ cüce las > = es ev. kK) 


Frm the E4 (Deu 3) “PCE , we know Mat he Surface Orla a our 
فصصخصدص عم وميه‎ SVce lan be estate lay : 


SA 


= Corcomferente 9 155 secnm) X (approx. Ore length ) 


k 
at de Pa my 


2wleamus) ٠ AS 
eee 
RAPI Finen of yt 


= عمد‎ (YN "T 0 ال‎ +] y ج‎ AM 1 y! 


prev. este ho with y- ts) 


= 4c Jy , ل‎ ١+ 7 وه‎ Snæ 427 2 (2). yt 


by Power Rule 


= tly) | 1+ A A" Ay 


= rly): 7 | EBD 


llo y* 


[S] Ge Exprese the onl . _agproximoting quantity OS A Riemann Sum 
Summing» we howe: 


MEME SA zt m (y). j EX. e Ay 
2م‎ ) 


Ilo y* 


Express The. act quantity as the Umit 4 the Riemann Suyo 
Therefore, the maw Surface orea ic: 


mmc E Fa Tery للها ءال‎ -Ay 


MAT186 - Calculus | Prof. Hendrickson 


Topic: 
Day 4 - Modeling with Riemann Sums 


Topics 
* Check-in 
* Work Along a Line 
* Let's Play! (Hooke's Law) 
* Let's Play! (Lifting Problems) 


Use one sentence to describe the relationship between 


the following words/variables: 


mass weight force 


g = acceleration due to gravity 


Use one sentence to describe the relationship between the following words/variables: 


mass weight force 


g = acceleration due to gravity 


Sample sentence: Weight equals the product of mass and g - acceleration due to gravity, and this 


product represents the force of gravity (according to Newton's Second Law: F = ma). 


TRUE or FALSE: 


The work done by a variable force F in moving 
an object along a line from «=a to x = b in 
the direction of the force is: 


W = [reas 


(RUE) FALSE: 


The work done by a variable force F in moving 
an object along a line from بد‎ =a to x=b in 
the direction of the force is: 


w= f rea: 


Note that the free online Openstax textbook offers a less general definition by 


restricting movement to the positive direction. This restriction is not necessary. 


Unwritten convention: In this general formula, distance and force 
are considered nonnegative because when the object is moving in 
the direction of the force, work is always nonnegative (why ?). 
However, when we use Riemann sums, we take direction into 


account while calculating the values for the function and Az. 


This is the definition given in the 
textbook Calculus for Scientists 
and Engineers by Briggs and 
Cochran, which is explained via 
Riemann Sums using: 


Work — Force x Distance 


while taking direction into account. 


Hooke's Law 


Excerpt from free online OpenStax textbook: 


According to Hooke's law, the force required to compress or stretch a spring from an equilibrium position is given 
by F(x) = kz, for some constant k. The value of k depends on the physical characteristics of the spring. The 


constant k is called the spring constant and is always positive. We can use this information to calculate the work 
done to compress or elongate a spring. 


Equilibrium fhu- Compressed 


Elongated 
(Stretched) 


x 
xt 


Hooke's Law 


Excerpt from free online OpenStax textbook: 


According to Hooke's law, the force required to compress or stretch a spring from an equilibrium position is given 
by F(x) = kz, for some constant k. The value of k depends on the physical characteristics of the spring. The 


constant k is called the spring constant and is always positive. We can use this information to calculate the work 
done to compress or elongate a spring. 


There are actually two popular forces that are associated with Hooke's Law: 


Fapplied = external force that is applied to the spring to stretch or compress it 


= kr Ceennects +o work dome AGAINST the epring 3 


Frestoring = restoring force that is exerted by the spring to return to an equilibrium state 


= kr Lemnects to work dene BY me Spring J 


Restoring force is in the direction that is opposite’ the displacement! 


Let's Play! (Hooke's Law) 


1. 


Your friend is moving, and you are helping them load the 
truck. The first item loaded is a washing machine that 
has a mass of 90 kg. After doing so, each spring (in the 


truck's suspension system) is compressed by 0.7 cm. 


Suppose that the weight of the washing machine is evenly 
distributed to the four springs, and (for convenience) we 
associate the equilibrium with the position of the springs 
before the washer is loaded. How much work is required 


to compress each spring an additional 0.5 cm? 


Image: https://www.researchgate.net/figure/McPherson-suspension-system fig8 318466442 
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Teachable Moments Prepared by: Sa'diyya Hendrickson 


Below ONL NW al ا‎ Malt Students often. learn m grade Shoot. 


Distance = Speed ¥ Timb 
Displacement = Velouhy X Time 


Volume = Arca x (Deptt vy Hickness) 


Mass = Density x Volume 


Wove = Force x Distance 


AN THe List GOES on! 


What do all of Me se Formulas uashi We. sev Y 


ANSWER’ They only yield Accurate calaulations provided that the 
terms (0.9. Speed or density) are CONSTANT/UNIFORM 


amples : O Distanw = Speed x Time Care only be used TM Speed is 
CONSTANT pew unat of hme. 


D aut = Area x Depth. is snly applicable, if Me ptas (24, (052 
Secimal) are Constant whew we Slice along the line ES BRE 
that measures clepte. 


ln Me pages that follow, we will Jocus pomaly ev. Me concept or Volume 
and pound on how the idea” of SLICING and SUMMING will 
allow us 4o stil Carry ovt Calculations when the terms Vary lie. are 
Not Constant), 


Making Math Possible 
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Back 4o tne Basics 


Gy What do the words "area, and "Volume" mean asan ? 


nihons (From. the Concise a a Vichonary of Uathematics) 


Q area.: a measure of ane ttes of a surta enclosed by some specified boundary. 


o @ voume: a measure أ‎ the S-dimensional space enclosed by a Solid. 


Ok... But how do we quantity the Measure of the tent ov Space that is enclosed ? 
Metvic Sytem Conventions : 
O For area: the Prdamental unit 1s the Square metre , writen Im 
(2) For volume: Fer Solids, the fundamental unit 1s the Cubic metre, written tm? 
Note: Foy liquide, we tenol Jo use litres, where LL = 1000 cm” (cubic dea metre) 


e Area dives tne number of squares, wtw A length of 1 
unit, that Cover the Hent af Ma Sur ace enclosed by 


Some boundary 


sd Volume Me number of cubes, wdw A length of 1 
unit, Mat cover the 2-D Space enclosed by a Sold 


Tw a rectangle oY rectangulan prism, Mese Calurlatims reduce +o a Simple Product af 
meir dimensions. eg. Area (rectangle) = length, x wide 
Areal vectangular qüsm)- length x width x height. 


What about More Co Dex Sha pes ? 


As coon AS we try 4o intvodu ce Plane apes or Solids with Curved boundaries, 
We run into trouble | Consider 0 lader. 


Haw many cubes? 
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One Motivation +o Slice and Sum 


Ave there A Mey nadaNe w Wat we ا‎ up the extent of A plane ca ov 
the pace d A Soud? Consider Me dianken below ! 

Gm 
eA 


OK wit Some Miclness 


n geometry , A “Cross Secon. ic ned as PAR 
Cross cho- م‎ plame jmd Mat results jt the mkeysechiom between 0e 
2D ob eck ond A plane. 


Notice that f we cut a Solid iw» cmgwent وق ناك‎ with Some MWideness, thew 
all cyrs StH Os Mat are parallel lo tw sugs must also be congruent, In ٠ 
CVSS SEMIN Serve AS The lop amda bottom انيه‎ AGES 4 Zach sce 


U) fov a d prism, the cose becos 


ore Simply عم‎ whee plame Te 


üi) f» d the wos teckwno wre just 


Colo plane yee l 


Other Solids with Cree) tnt sS Sections Mclude: 


m — 
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Making Connections 


In grade School, we learn about one-, twWo-, and tree - dimensional objects 
and pro per nes دياع ما‎ Length , Ore, ond Volume. Although, these objects 
Live in Spaces of different dimensions, they have FASCINATING CONNECTIONS 


ENSIONS 
oM 


Making Math Possible © Sa'diyya Hendrickson 


"The Power of Calculus 


| What do area and volume Mave dto do with Calculus ? | 
gga) 


Recall that — Volume (rectangular prism) = Length x width x helgint 
Moreover, Length x width = area of me — m croso- Sechs that axe parallel 4o the base 


Thus, we can rewrite the formula as: 


where Mme Areh s ds + Mat othe Londyuent mr quu 


We can use Riemann sums and integration to pove Anak Ais Amuia [Apnée] Yields — 
the nact Volume j" any solid whew the following Condihes held: 


Gi The cross becas are pew pend val ax to He 


Cr0S5-SeCHonal area = Tw 7‏ 4 ك 
Line Segm ent used 4» measure depth / aight L * => Volume = Area x height‏ 


(ii) ALL Cro% Sections Are CONGRUENT = rh 


When Area VARIES with pth 


Considw ne falaomg 3-D Solid. 


e Nohce that Volume = AREA X HEGET 
NO LONGER yields the Covvect Volume. 


© Wheat is Wrong ? 
INCONG@RuU Cross Sethi ons 


lt we AH ump! t use Me formula Volume = AREA X HEIGHT, which Cnss-Sechmal area 
would we use ° The rect gle at the top has an area Mat will yield OM, 
oVeresh mation for the Volume, indicated by the Green portion of Mme Agure below: 


Win rectangulaw Cross Section has an area 
Mat 4 LOWOMtees aw underesamation | 
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Morz Examples of INCONGEUENT suces 


Square pyramid with Sphere wtw Sphere with vested 
Sample SS Sections Sample CSS Sections Spherical shells. 


le 
" 


In me cases where our Slices are INLONGRUENT, 
. Integrahon gives US A way w adueve Me watt Volume. 


PTa Hadai i enu at 
Correct integral d 


Newe: étart with RIEMANN Sums! 
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MAT187 — Calculus Il Prof. Hendrickson 


M[eTe[V][:T-3 Topic: 


Topics 


Integration Techniques: Tips and Strategies 


* Check-in 


* |deal Conditions for Each Technique 


٠ BEWARE! Cancellation Property of nth Roots 


* Keeping Efficiency in Mind 


* Reviewing Precalculus Fundamentals 


Check-in 


Name the first strategy that is helpful when evaluating an integral. 


Name the first strategy that is helpful when evaluating an integral. 


Con/Showld T MANIPULATE! 


Can you think of any popular manipulations? 


To see worked examples involving different manipulations, check out the slides titled: 


“Integration Review (The Importance of Manipulation)” 


Ideal Conditions 


Choosing an Integration Technique 


TIP: Always try to approach integration strategically! Even though there may be some 


guessing involved when choosing a technique, these guesses should be educated! 


What makes a guess educated? © 


Answer: Attempting helpful manipulations and identifying ideal conditions for our more 


advanced techniques! Take a moment to write down these conditions for each technique. 


» u-Substitution: 
> Integration by Parts (IBP): 
> Trig Substitution: 


> Partial Fraction Decomposition (PFD): 


Ideal Conditions: u-Substitution 


» u-Substitution Xx 


The most obvious time to use the Substitution Rule is when the integrand 
is a product between: 
(i) a clear composition of two functions and 


(ii) some constant multiple of the derivative of the inner function 


Note: Sometimes substitutions are subtle, so be sure to PRACTICE a lot! 


To see lots of worked examples u-Substitution, for check out the slides titled: 


“Integration Review (u-Substitution)” 


Question Need an index card? 


Front 


Quest ow 
Back 


what ore the ideal 


Conditows fr u-Sul 2 


Ideal Conditions: Integration by Parts (IBP) 


» Integration by Parts (IBP) 


The most obvious time to use IBP is when the integrand is a product between 


unrelated functions from two different "families" (e.g. trigonometric and exponential). 


Need an index card? 


Note: Sometimes we are dealing with a "hidden IBP", where we first manipulate by multiplying 


the given integrand by 1 so that we can see a product between two functions. 
e.g. j Inx dx or J arctanz dx 
You may also have to carry out IBP repeatedly. 
The hope is that one function is easy to differentiate while the other is easy to integrate, such that 


IBP improves (or maintains) the level of difficulty. PRACTICE is critical to develop proficiency! 


Have you completed this table yet? 


Guidelines on Picking u and v 


4. |n the context of the previous slide, let's roughly sort the following functions from 
hardest to integrate to easiest to integrate: 


Type of function Example Integration difficulty 
From Prof. Parsch's 
Algebraic functions 


lecture video on IBP! 
Exponential function 
Logarithmic function 


Trigonometric functions 


Inverse trig. functions 


Ideal Conditions: Trigonometric Substitution 


» Trigonometric Substitution c E E 


The most obvious time to use Trigonometric Substitution is when the integrand can be 


expressed as a sum or difference of squares (possibly under a square root), where 


one of the squares is a /inear expression involving a variable, while the other is constant. 


Need an index card? 


Building Blocks for Trigonometric Substitution 


Relevant Trig Identities for the substitutions 


i khat he related trigonometric identities tome Prove. 
the Fytnag oream identity ` wos 0+ sin 0 = 4. 


Twv S\wepucty , we prefer ne derwatos suun that the substitutions 
are with SINE, TANGENT € SECANIT siny thar derwatwves 
do not involve neganves. 5 parhwlav : 
| وح ے‎ " 
O \*- sinê = costa => ثم‎ (l-ew?)- ثم‎ (asino) = وتوم عم‎ 
= — MEAS 2 
(2 \+tan?e =Sec o => a2 (i«taw0) =a- latano) = Q^ seco 
pm 
(2 sec*O-| —kow o = له‎ (secO-1) -(aseco) - a= & tad 


Need an index card? 


Summary table for Trigonometric Substitution 


Summary Taole 
- POSITIVE 5 1 i 
Tw Q Constant And C] =a Unear CU ESSIN involving &. Vanable 


A OS A RESONS 


Don't forget about the‏ ماح [2,5-]ء9 | Puso‏ ييه ی 
restrictions! It ma‏ 
niae el LC [ = atane seo | Gel 5) d‏ 
be helpful to identify‏ - 
Geo, 1) , Oza‏ | ع [l-a« []-asece oz tow‏ 


© )ع‎ X], Os- why we have them in 


the first place! 


Notes: © If these expressions appear n û DENOMINATOR, Me RESTRICTIONS 
Can NO longer invelve square brackets or x= ta. 


@ These expressions often involve a RADICAL , ana appear in a 
denominator: Uswever, note that hey may also be useful if 
raised +o an integer exponent IM this Case, partial fractions Also offers 
am alternahve Approach EN ( z* dx pg. í a7 2 


ESE 1 + 22 


Have you made your own table yet? 


Write an overview table! 


9. Produce an overview table summarizing the different cases 


If we encounter... ...we Substitute... ..and use the identity 


a* ہر‎ asin à cos? Û + sin 0 — 1 


From Prof. Parsch's 
lecture video on trig 


substitution! 


Question Need an index card? 


Front 
Quest ow 


Substiuhon for the 
Jew -a 2 


( where لآ‎ = near oxpressiow 
a aA van able.) 


Back 


Proceed with CAUTION while Undoing Radicals 


Consider dhe qu. mulhople Choice queshen 


Vsnžx = 7 
(8) Sik w 
(5 -Sina 
© Sw x 
(d) not ن عست‎ information 


Take a moment to PAUSE and REFLECT! 


Proceed with CAUTION while Undoing Radicals 


Consider Ae quA mu lhple Choice Gueshew 


Venta = 7 
(8) Sin x 
(5 -Sha 
© PT 


(@)not meer ل‎ information 


Why? © 


Answer : ETITI ach report "RS Zaks 
Ca. "TYiÉoE eA !) 
Take à. moment 
oy m A, f رلا‎ Is ODD Rl pia with aw 
| 0 | , P n is EVEN nter siamp 


Theorem Need an index card? 


Front 


Back 


Question Need an index card? 


Front 


Back 


We need absolute Value bars - 
Siny we doy knon Wd رد‎ 
6 TUNE ey NEZATIVE: — 


Ideal Conditions: Partial Fraction Decomposition (PFD) 


» PFD (a.k.a. Method of Partial Fractions) 
The most obvious time to use PFD is when the integrand... 


(i) is a rational function (i.e. f(x) = m where g and h are polynomials and h is nonconstant!) 


(ii) is a proper fraction (i.e. degree (numerator) « degree (denominator) 


3 


Attention! If the integrand is not a proper fraction, we must first manipulate 


(e.g. perform long division) to achieve the form: S = Q(x) + 


where deg(R(x)) < deg(D(x)). This MON is not random! For PFD to work, this 
is a requirement from a theorem (in more advanced algebra textbooks)! 


Need an index card? 


Have you made your own summary yet? 


Summarize For Yourself 


(x) 
q(x) 


Tees p 
Consider a proper rational function 


10. If q(x) has distinct linear factors, ... (see: PCEs) 
From Prof. Parsch’s 

11. If q(x) has repeated linear factors, .. (see: this video) 
lecture video on PFD! 

12. If q(x) has distinct irreducible quadratric factors, ... (see: PCEs) 


13. If q(x) has repeated irreducible quadratric factors, ... (see: this video) 


Efficiency Matters! 


TIP: Always keep efficiency in mind while integrating. 


There may be multiple approaches to evaluate an integral. However, on a timed assessment, efficiency 


matters. Which technique is likely to get the job done with the least amount of effort? 


E Va 
3 | — ay "Ola erc +echruiaquets) tome v wind at 
Lax Ast glane یامه‎ 2 dm idea L-oemddes?) 
] 


— Which technique (S AUS eda en? 


While practicing, try to identify more than one approach to a particular 


exercise, explore them, and see which one is most efficient! 


How are your Precalculus Fundamentals? 


We know that math builds. So, our foundation is critical! 


As you practice, pay attention to the moments when you experience discomfort. 


* Did you have to get rid of a radical or absolute value bars? 

* Could you remember the relevant properties or definitions? 

* Did you have to evaluate trigonometric functions and their inverses? Could you remember the 
unit circle and all of the standard values and radian measures associated with sine and cosine? 

* Etc. 


For support, revisit the Review Materials from the MAT186 Resources 


Module containing Precalculus Review Materials! 


Teachable Moments 


The Game of Math Prepared by: Sa'diyya Hendrickson 


Fundamentals Review: Definitions and Properties 


I. Zero Product Property 


For A,B € R, if A- B—0,then A=0 or B =0. 


II. Exponents (Def’n) 


1. Positive integer exponent: 


For any base b € R and some positive integer n, b" simply means to multiply b exactly n times (i.e. repeated 
multiplication). Algebraically, we have: b” =b-b---b 


n times 


2. Zero exponent: 
For any base b € R such that b 40, b? = 1. 


3. nth root of a: 


For a positive integer n, a!/^ = Va = b is the “principle nth root of a” and means “the number b such that b” = a 
7. If n is even, we must have a > 0, and we say "positive nth root" because by convention we assume that b > 0. 


4. Negative exponent: 


For any base b € R such that b #0 and n € R, "= + 


bn 


III. Properties of Exponents 
For a,0,m,n € R, a,b Z0: 


1. Product Property: bb" = p"*" 


2. Quotient Property: "t epe 


3. Power to a Power Property: (5")" = p"" 


4. Product to a Power Property: (ab)" = a^^ 


5. Quotient to a Power Property: (2)" = 27 


n 


bn 


IV. Rational Exponents (Def’n) 


For a € R and m,n € Z*: 


1. If n is odd: 


2. If n is even and a> 0 (i.e. ais nonnegative) : an = 


mfi pumps — Var (Form 1) 
(grey = ( Jay" (Form 2) 


a 


(a)!/^ = Ya™ (Form 1) 


[gym = (Wa)™ (Form 2) 


3. If n is even and a < 0 (i.e. a is negative), then for a™/ ^. it must be the case that m is also even. Here, the only 
valid radical form is: a™/” = (aR = Yam 
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IV. Cancellation Property of nth Roots 


L (Vya) =a Note: If n is even, a must be positive (if we are working in the set of reals) 
2. Vai = a, if n 15 000 


lal, if n is even 


V. Equivalent definitions for the equality of real numbers 


For a,b € R: 


lia SD and ba) 39 ub 
2.a—b20 a=b 


VI. Geometric Definitions for greater/less than 


For a,b € R: 


l.a>b <= qa isto the right of b on the real number line 
2.a«b جه‎ a isto the left of b on the real number line 


VII. Absolute Value (Def’n) 


Absolute value: Geometrically, the absolute value of a real number is its distance from zero (which is nonnegative). Alge- 


a, if a>0 


braically, for a € R, |a| = 
—a, ifa<0 


VIII. Distance between a,b c R (Def’n) 


For a,b € R, the distance between a and b is denoted by |a — b| = |b — al. 


IX. Properties of Absolute Value 


For a,b € R: 
1. |a| > 0 (since distance is always nonnegative) 
2. Jal =|—al 
3. |ab| = |a||b| 
4. || — fi» provided b #0. 


X. Properties of Absolute Value Inequalities 


For a,c € R such that c > 0: 


l.|a e —» =e € 
2. jal جح‎ € a&€-c or ac 
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XI. Properties of Inequalities 


For a,b,c,d € R 


1l. E GEES DEE 

2. If c»0, thna<b <= ac<be 

3. If c< 0, thena<b <= ac2>bdc 

4.Ifa>0 and b»0, then a <) <= >» لل‎ <4 

5. f a b and c<d, then a+c<b+d 

6. Transitive Property: If a <b and b > c, then a < c. (similarly for “>”) 


XII. Other Popular Inequality Facts 


1. If z € R, then either z < 0, z >0,or x =0. 
2. If z € R, then x? > 0. 
3. If z,y € R with x < y < 0, then z? > y?. 
If x,y € R with 0 € z > y, then z? > y?. 
4. If z,y ER with 0 € z < y, then yz > Jy. 
5. Extension of Triangle Inequality: For a,b € R, 


a + b| < jal + |b| 
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Fundamentals Review: Absolute Value 


I. Absolute Value (Def’n) 


Prepared by: Sa’diyya Hendrickson 


Absolute value: Geometrically, the absolute value of a real number is its distance from zero (which is nonnegative). Alge- 


a, if a0 


braically, for a € R, |a| = 
—a, ifa<0 
II. Distance between a,b c R (Def’n) 


For a,b € R, the distance between a and b is denoted by |a — b| = |b — al. 


III. Properties of Absolute Value (P.O.A.V.) 
For a,b € R: 


. |a| > 0 (since distance is always nonnegative) 
. jal =|-al 

. [ab] = اله‎ 

. |¢| = lf, provided b # 0. 


> WN جم‎ 


IV. Properties of Absolute Value Inequalities (P.O.A.V. Ineq.) 


For a,c € R such that c > 0: 


l; jal<c = -ccS<aK<ec 
2. jal اح‎ € > ax<-c or ac 


V. Theorem (Generalization of P.O.A.V. Ineq.) 
Theorem: Let f and g denote functions Then, 


© |f(z)| 9(x) € —g(2) > f(x) > g(z) 
Gi) |f(z) 2g(z) € f(x) > -g(x) or f(x) > g(x) 


VI. Theorem: Extension of Triangle Inequality 


Theorem: For a,b € R, 


a+ b| € |a| + |b| 


VII. Exercises 


1. Use the definition of absolute value and case analysis to show that: If |a| = |b|, then a = 


1 of 3 


a 
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2. Use the definition of absolute value to evaluate the following: 


24 V2 
(a) 10 — |e — V10| +e 0) Sats o dea 
|2- V2 


3. Use Properties of Inequalities/Absolute Value Inequalities to show: 
(a) If |z| < 7, then |x + 4| < 11 
(b) If |x + 3] > 8 then -1 > 9 — 2x < 31 
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4. Solve the following equations: 


@) چم‎ =3 (b) 2z(z — 2) = 3)1 + |x — 1|) 


5. Solve each exercise. For guidance, see the “ Inequalities” handout, pages 8-10. 
(a) |2—2| < 5 (b) |1 + 22| — |z| > 3 () 3 <1 


(d) |z? - 4| - 3| <1 (e) |z — 3| > 2n - 5 (f) |2—z| 22x — 7 
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Additional Worked Examples 


Below ave a Couple of ww CASES. that You axe tco امع قطنا‎ te try id addithmal practice. 


Vlease ATIEMPT THEM on youve own BERE Looking at che solutions. 


e Ty 4o thine b a. few duff erent. approaches | 
© Commer your Tool Boy. | 


Toolbox Checklist for Bounding Errors 


When performing the algebraic manipulations required to bound errors, there are 
several Precalculus tools that are required, including (but not limited to): 


[] Definition of absolute value (geometric and algebraic) 


|__| Properties of Absolute Value (P.O.A.V.) 


8 Properties of Absolute Value Inequalities (P.O.A.V.Ineq.) 


[ [| Properties of Inequalities (P.O.Ineq.); esp. the transitive property 


[ | Definitions of increasing/decreasing functions 


Add to tus Ust se You PATI | 


Exerdse 1 : Find the wor estate Lor he Midpoint Rule approumation , 
wih = lO for the integral 8 "a da. 


byercise 2 : How large Should we take m in order 4o quarantee that " 
the Trapezo dat Rute 0-ppro2u matum Te ar dx ıs accurate مذ‎ win. IO 7? 


Exerdse 4: Find the wor estate or he Midpoint Rule apprmumaction , 
with هما حم‎ for the (nt ea ral 8 a da. 


3 
pte Solution : Recall, by theorem , | Ewer M, | E uu where |o] «M 
To deter vane A value for M, we must find f 
(a) = £^ - 22% " 
=> + a= ald DER eaa) 
= apr | اكوم‎ ! > 
Notice hat m the mtervat af interest, 0€ él, f 0>0 sie yee" <8 
ov Ol XER and fam ofa كك‎ we hare- 
0 5 El sre 0€0£b = 0> ته‎ fe abet. 
c—— زود‎ fos sn) by Propertes oP. Inequalches Sina 270. 
=> §2 n2 
=> 4+0 4+2 a 1*2 
" => DE 1> (ave 2 Ss 
VW | oreover ye ie On WnUreasing Aon ctum. SW itis am £X ponent al with a 
base greater tnan A. Comsequentty, loy de? ام‎ of am increasing Fundam we know 
khat — og Cause BE rel deam p "T "2 
Eq 


= 2 


Il : 
CY: 


To summarize, we have that 0< ١+ 222 > 3 And 0 ^ C z6 


Therefore , by reper es A Inequalities [oz 0:2 ما‎ amid ofc ed — 0Larzhd] 
o >)! ) 


+ 2a) كرة‎ > 26 
=> Zw) < a 2 (3e) We are using "Yroperties of Inegualches 
= pz f'a) 2 lat a 4p “BUILD UP "to ovr fonction 


c9 > lee‏ £ و ee‏ حت 


=> | اه"‎ > be by Propurches of Absolute Value (nequaleties. 
So, we take M = be telek يم > ےم جڪ‎ 


Thus, the evor mula then qies: 
EH Mi. | = ‘Wwe fa Snæ A=0, b=l and n=lo 


z 
4 24 ( (0) K لملا‎ atternatve approach (instead vt ony 
using Properties of Inequalities) is 4o Show dwt 
4 £" ic an nahi i 
400 iks denvatve , a 0 dw xe G1] , then use 


Mme DEFINITION of سمده‎ INCREA SING FUNCAION. along 
a With properties . 


~ DDt. 
PAUSE! Can ym een ef an altownatwe approach? 


Alternative Aperacl : 


° Show that £" is aw ERES CÓ ow Shans that ke 
QN pdave لمع‎ 70 Al xe rasp then wee te 
DEFIN TION of fasi. 3 SING لم 16ت للخ‎ along With properties. 


berase 2 : How large Should we take w in order +o quarantee that 


E 
the Trape roi det Rue Opprozumatim Te far dx ıs accurate 4o within ID 7 


Recall by Yheorenr , tnat 


a e Solucion 
[Eror gor Tn] < lACe-a)" where | 


= : for Mo Trape zoidal (ule ` 
f iM. 


V 


Pd bie Du dud 
a J 


f w = fco x. x 
xe 


C7) = ب‎ 


EO "TU 


Aberoact # 1: Show that the And is decreasing om the wtervil and vse 


the definchion مد‎ determine M. 


Notice that 


(Qe ult «D dal zelia] cove x 5 


Hence, Pd 


i all xat. 


is decreasing m the mtenal. 


Yu defi of der 


easing foncions, this means that > 


1 lex42 => tas z Ge Z Fi 
= aW a lwo 
las: EA & gua 2 x 
— -2< fV 7 by Tramsthwity 
— Hee £2 by Properties vf Mbsslure Value 
equa utto 
So, we معد‎ MHZ 
Because we require pee for Tn | 2 lot vor MWeorenr لكلا‎ 
ere er | 2 Mis)" eio 
2n” (o Zn” 
Then, by اللا‎ je 1S sutfiuent 2B 9 .له‎ Suh Mat ° 


(Ewo tor Ta | = عي‎ > Ton 


Quase 2. (Conanved ) 


Solving MWe Second me eee 


ae we have : 


ig 


ج 


EAS 


bi 1 z. lneguvaltes: ol; L 


d 


3 awica he € A مولام ددا‎ 


Anatw 
=5 f] =H sence din*-2|w| = AZO 
Vl Property of pt حيه‎ ana Defn of 
ATK: absotvote aloz 
C, E iS عمف اليه‎ de ike VAI 
Note: withet a celcoletor , we Could conside ' 
uc AND D. مه = حك ے‎ 

Seo, we can S634 toe YU 20 5 intewti mall Bn 


^ wee value! 


Approach # 2: Uce “Properties of 


Aorta sing Function 40 build up 4» Me denvoswe. 


ond the Deanition oF an 


Fm dekerm ning Mat oz 


| € 2C € Z. From his, we hoe: 


, We consider the mterval f "eres. o o 


m EET Ni 

L CU © Sme 270 
=Le pee X 

S 1‏ 
حك يه = 4 سس ہے >= 


Mpsotute 


ue \nequalktes. 


Thus, we tue M=2 (Just as we did in Approach #4.) 


